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We study two different concepts of semicontinuity of fuzzy mappings by establishing
characterizations of these fuzzy mappings. Relationships between semicontinuity and
continuity of fuzzy mappings are explored. Some basic properties of these semicontinuous
and continuous fuzzy mappings are presented and proved.
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1. Introduction
Continuity and semicontinuity of fuzzy mappings form the very basic aspects in fuzzy mathematics. Various authors
have studied continuity of fuzzy mappings defined through the supremummetric on fuzzy numbers (for details, see [1–4]).
The concept of upper and lower semicontinuity of a fuzzy mapping was introduced by Diamond and Kloeden [1] based on
the Hausdorff separation. Recently, Bao and Wu [5] introduced a new concept of upper and lower semicontinuity of fuzzy
mappings through the ‘‘fuzz-max’’ order on fuzzy numbers.
The aim of this study is to explore the relationships among the above mentioned fuzzy mappings. In Section 3, we
further investigate the upper and lower semicontinuity of fuzzy mappings of Diamond and Kloeden [1] and of Bao and
Wu [5] by using the concept of parameterized triples of fuzzy numbers. Based on this formulation, a theorem on continuous
fuzzy mappings is presented. In Sections 4 and 5, characterizations of upper and lower semicontinuous fuzzy mappings
introduced by Bao andWu [5] and by Diamond and Kloeden [1] are established. In addition, some basic properties for these
semicontinuous and continuous fuzzy mappings are presented and proved.
2. Preliminaries
In this section, for convenience, several definitions and results without proof from [1,3,6] are summarized below.
Let Rn denote the n-dimensional Euclidean space. The support, supp(µ), of a fuzzy set µ : Rn → I = [0, 1] is defined
as
supp(µ) = {x ∈ Rn : µ(x) > 0}.
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For α ∈ I , the α-level set of a fuzzy set µ : Rn → I is defined as
[µ]α =
{x ∈ Rn : µ(x) ≥ α}, if 0 < α ≤ 1;
cl(supp(µ)), if α = 0,
where cl(supp(µ)) denotes the closure of supp(µ). A fuzzy set µ : Rn → I is said to be normal if [µ]1 ≠ ∅. A fuzzy number
we treat in this study is a fuzzy set µ : R1 → I which is normal, has bounded support, and is upper semicontinuous and
quasiconcave as a function on its support.
Let F denote the set of all fuzzy numbers. In this paper, we consider mappings F from a nonempty subset S of Rn into F .
We call such a mapping a fuzzy mapping. It is clear that each r ∈ R1 can be considered as a fuzzy number r˜ defined by
r˜(t) =

1, if t = r;
0, if t ≠ r,
hence, each real-valued function can be considered as a fuzzy mapping.
Definition 2.1. Let A and B be nonempty subsets of Rn, let λ ∈ R1 and x ∈ Rn. Define
(1) A+ B = {a+ b : a ∈ A, b ∈ B}.
(2) λA = {λa : a ∈ A}.
(3) the distance d(x, A) from x to A by
d(x, A) = inf{‖x− a‖ : a ∈ A}, where ‖ · ‖ being the Euclidean norm on Rn.
(4) the Hausdorff separation of B from A by
d∗H(B, A) = sup{d(b, A) : b ∈ B}.
(5) the Hausdorff distance between A and B by
dH(A, B) = max{d∗H(A, B), d∗H(B, A)}.
In what follows, let S be a nonempty subset of Rn. For any x ∈ Rn and δ > 0, let
Bδ(x) = {y ∈ Rn : ‖y− x‖ < δ}.
We now recall the definitions of upper and lower semicontinuous real-valued functions.
Definition 2.2. A real-valued function f : S → R1 is said to be
(1) upper semicontinuous at x0 ∈ S if for each ε > 0 there exists a δ = δ(x0, ε) > 0 such that
f (x) < f (x0)+ ε whenever x ∈ S ∩ Bδ(x0).
f is upper semicontinuous on S if it is upper semicontinuous at each point of S.
(2) lower semicontinuous at x0 ∈ S if for each ε > 0 there exists a δ = δ(x0, ε) > 0 such that
f (x) > f (x0)− ε whenever x ∈ S ∩ Bδ(x0).
f is lower semicontinuous on S if it is lower semicontinuous at each point of S.
Direct examination of the definitions of upper and lower semicontinuous functions shows that the set of upper (resp.
lower) semicontinuous functions is closed under addition and nonnegative scalar multiplication. These two facts can be
represented by the following two lemmas.
Lemma 2.1. Let f and g be upper semicontinuous at x (respectively, on S) and let α > 0. Then f + g and αf are upper semi-
continuous at x (respectively, on S).
Lemma 2.2. Let f and g be lower semicontinuous at x (respectively, on S) and let α > 0. Then f + g and αf are lower semi-
continuous at x (respectively, on S).
The following well-known fact is of great importance.
Theorem 2.1 ([6]). A real-valued function f is continuous at x (respectively, on S) if and only if it is both upper and lower
semicontinuous at x (respectively, on S).
It can be easily verified that a fuzzy set µ : R1 → I is a fuzzy number if and only if (i) [µ]α is a closed and bounded
interval for each α ∈ I , and (ii) [µ]1 ≠ ∅. Thus we can identify a fuzzy number µwith the parameterized triples
{(a(α), b(α), α) : α ∈ I},
where a(α) and b(α) denote the left- and right-hand endpoints of [µ]α , respectively.
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Definition 2.3. Let µ and ν be two fuzzy numbers represented parametrically by
{(a(α), b(α), α) : α ∈ I} and {(c(α), d(α), α) : α ∈ I},
respectively. We say that µ ≼ ν if
a(α) ≤ c(α) and b(α) ≤ d(α) for each α ∈ I.
We call≼ the fuzzy-max order on F .
For fuzzy numbers µ and ν parameterized by {(a(α), b(α), α) : α ∈ I} and {(c(α), d(α), α) : α ∈ I}, respectively, and
each nonnegative real number k, we define the addition µ+ ν and nonnegative scalar multiplication kµ as follows:
µ+ ν = {(a(α)+ c(α), b(α)+ d(α), α) : α ∈ I} (2.1)
kµ = {(ka(α), kb(α), α) : α ∈ I}. (2.2)
It is known that the addition and nonnegative scalar multiplication on F defined by (2.1) and (2.2) are equivalent to those
derived from the usual extension principle, and that F is closed under the addition and nonnegative scalar multiplication.
Remark 2.1. It is obvious from (2.1) that for each fuzzy numberµ parameterized by {(a(α), b(α), α) : α ∈ I} and each real
number r ,
µ+ r = µ+ r˜ = {(a(α)+ r, b(α)+ r, α) : α ∈ I} (2.3)
The supremummetric D on F is defined by
D(µ, ν) = sup{dH([µ]α, [ν]α) : α ∈ I}
= sup{max{|a(α)− c(α)|, |b(α)− d(α)|} : α ∈ I}
for fuzzy numbers µ and ν parameterized by {(a(α), b(α), α) : α ∈ I} and {(c(α), d(α), α) : α ∈ I}, respectively.
In this study we use the Euclidean metric on Rn and the supremummetric D on F to define the notion of continuity of a
fuzzy mapping F : S → F in the usual manner.
Definition 2.4 ([1,4]). A fuzzy mapping F : S → F is said to be continuous at x0 ∈ S if for each ε > 0 there exists a
δ = δ(x0, ε) > 0 such that
D(F(x), F(x0)) < ε whenever x ∈ S ∩ Bδ(x0). (2.4)
F is continuous on S if it is continuous at each x ∈ S.
3. Upper and lower semicontinuity of fuzzy mappings
We now formally define upper and lower semicontinuity of a fuzzy mapping F : S → F in the sense of Diamond and
Kloeden [1] as follows.
Definition 3.1 ([1]). A fuzzy mapping F : S → F is said to be
(1) upper semicontinuous at x0 ∈ S in the sense of Diamond and Kloeden if for each ε > 0 there exists a δ = δ(x0, ε) > 0
such that
d∗H([F(x)]α, [F(x0)]α) < ε (3.1)
for all α ∈ I and x ∈ S ∩ Bδ(x0). F : S → F is upper semicontinuous in the sense of Diamond and Kloeden if it is upper
semicontinuous at each point of S.
(2) lower semicontinuous at x0 ∈ S in the sense of Diamond and Kloeden if for each ε > 0 there exists a δ = δ(x0, ε) > 0
such that
d∗H([F(x0)]α, [F(x)]α) < ε (3.2)
for all α ∈ I and x ∈ S ∩ Bδ(x0). F : S → F is lower semicontinuous in the sense of Diamond and Kloeden if it is lower
semicontinuous at each point of S.
The following lemma can be easily derived from the definition of Hausdorff separation.
Lemma 3.1 ([1]). (3.1) and (3.2) are equivalent to
[F(x)]α ⊆ [F(x0)]α + ε[−1, 1] (3.3)
and
[F(x0)]α ⊆ [F(x)]α + ε[−1, 1] (3.4)
for all α ∈ I and x ∈ S ∩ Bδ(x0), respectively.
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Next, we recall Bao and Wu’s definition of upper and lower semicontinuous fuzzy mappings.
Definition 3.2 ([5]). A fuzzy mapping F : S → F is said to be
(1) upper semicontinuous at x0 ∈ S in the sense of Bao and Wu if for each ε > 0 there exists a δ = δ(x0, ε) > 0 such that
F(x) ≼ F(x0)+ ε˜ (3.5)
for all α ∈ I and x ∈ S ∩ Bδ(x0). F : S → F is upper semicontinuous in the sense of Bao and Wu if it is upper
semicontinuous at each point of S.
(2) lower semicontinuous at x0 ∈ S in the sense of Bao and Wu if for each ε > 0 there exists a δ = δ(x0, ε) > 0 such that
F(x0) ≼ F(x)+ ε˜ (3.6)
for all α ∈ I and x ∈ S ∩ Bδ(x0). F : S → F is lower semicontinuous in the sense of Bao and Wu if it is lower semi-
continuous at each point of S.
The proof of the following lemma is straightforward.
Lemma 3.2. Let F : S → F be a fuzzy mapping parameterized by
F(x) = {(a(α, x), b(α, x), α) : α ∈ I} for each x ∈ S.
Then (3.3) and (3.4) can be written as
a(α, x) ≥ a(α, x0)− ε and b(α, x) ≤ b(α, x0)+ ε (3.7)
and
a(α, x0) ≥ a(α, x)− ε and b(α, x0) ≤ b(α, x)+ ε (3.8)
for all α ∈ I and x ∈ S ∩ Bδ(x0), respectively.
The following lemma is an immediate consequence of (2.3).
Lemma 3.3. Let F : S → F be a fuzzy mapping parameterized by
F(x) = {(a(α, x), b(α, x), α) : α ∈ I} for each x ∈ S.
Then (3.5) and (3.6) can be written as
a(α, x) ≤ a(α, x0)+ ε and b(α, x) ≤ b(α, x0)+ ε (3.9)
and
a(α, x0) ≤ a(α, x)+ ε and b(α, x0) ≤ b(α, x)+ ε (3.10)
for all α ∈ I and x ∈ S ∩ Bδ(x0), respectively.
Finally, we conclude this section by establishing the following characterization theorem for continuous fuzzy mappings.
Theorem 3.1. Let F : S → F be a fuzzy mapping parameterized by
F(x) = {(a(α, x), b(α, x), α) : α ∈ I} for each x ∈ S.
Then F is continuous at x0 ∈ S if and only if
a(α, x) and b(α, x) are continuous at x0 uniformly in α ∈ I. (3.11)
Proof. Given ε > 0, by the continuity of a(α, x) and b(α, x) at x0 uniformly in α ∈ I , there exists a δ = δ(x0, ε) > 0 such
that
|a(α, x)− a(α, x0)| < ε and |b(α, x)− b(α, x0)| < ε
for all α ∈ I and x ∈ S ∩ Bδ(x0). Then, from the definition of the supremummetric D, we have
D(F(x), F(x0)) = sup{max{|a(α, x)− a(α, x0)|, |b(α, x)− b(α, x0)|} : α ∈ I}
≤ ε,
which implies that F is continuous at x0.
Conversely, suppose that F : S → F is continuous at x0 ∈ S. Then, for any ε > 0, there exists a δ = δ(x0, ε) > 0 such
that
D(F(x), F(x0)) < ε whenever x ∈ S ∩ Bδ(x0).
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It follows from the definition of the supremummetric D that
|a(α, x)− a(α, x0)| < ε and |b(α, x)− b(α, x0)| < ε
for all α ∈ I and x ∈ S ∩ Bδ(x0). This complete the proof. 
4. Semicontinuity of fuzzy mappings in the sense of Diamond and Kloeden
In this section, we give characterizations of upper and lower semicontinuous fuzzy mappings introduced by Diamond
and Kloeden [1]. In addition, basic properties of these fuzzy mappings are presented.
From Lemmas 3.1–3.2 on upper semicontinuous fuzzy mappings in the sense of Diamond and Kloeden, we immediately
obtain
Theorem 4.1. Let F : S → F be a fuzzy mapping parameterized by
F(x) = {(a(α, x), b(α, x), α) : α ∈ I} for each x ∈ S.
The following conditions are equivalent:
(1) F is upper semicontinuous at x0 ∈ S in the sense of Diamond and Kloeden.
(2) a(α, x) is lower semicontinuous at x0 uniformly in α ∈ I , and b(α, x) is upper semicontinuous at x0 uniformly in α ∈ I .
Theorem 4.2. Let Fj : S → F , j = 1, 2, . . . , k be upper semicontinuous fuzzy mappings in the sense of Diamond and Kloeden.
Then the mapping F : S → F defined by
F(x) =
−k
j=1 λjFj(x) for each x ∈ S, (4.1)
where λj ≥ 0 for j = 1, . . . , k, is an upper semicontinuous fuzzy mapping in the sense of Diamond and Kloeden.
Proof. We have seen that F is closed under the addition and nonnegative scalar multiplication. From (4.1), it follows that
F(x) is a fuzzy number for each x ∈ S. That is, F : S → F defined by (4.1) is a fuzzy mapping. Let
F(x) = {(a(α, x), b(α, x), α) : α ∈ I} for each x ∈ S,
be the parametric representation of the fuzzy mapping F : S → F defined by (4.1), and let for each j ∈ {1, . . . , k}, Fj : S →
F be parameterized by
Fj(x) = {(aj(α, x), bj(α, x), α) : α ∈ I} for each x ∈ S.
Then, from (2.1) and (2.2), we have
a(α, x) =
−k
j=1 λjaj(α, x)(x) and b(α, x) =
−k
j=1 λjbj(α, x)(x) (4.2)
for each x ∈ S and α ∈ I . Since Fj : S → F , j = 1, 2, . . . , k are upper semicontinuous in the sense of Diamond and Kloeden,
by Theorem 4.1, we have for each j ∈ {1, 2, . . . , k},
aj(α, x) : S → R1 is lower semicontinuous uniformly in α ∈ I (4.3)
and
bj(α, x) : S → R1 is upper semicontinuous uniformly in α ∈ I. (4.4)
Combing (4.3), Lemma 2.1, and (4.2), we have
a(α, x) : S → R1 is lower semicontinuous uniformly in α ∈ I. (4.5)
Combing (4.3), Lemma 2.2, and (4.2), we have
b(α, x) : S → R1 is upper semicontinuous uniformly in α ∈ I. (4.6)
From (4.2), (4.5), (4.6) and Theorem 4.1, it follows that F : S → F is an upper semicontinuous fuzzy mapping in the sense
of Diamond and Kloeden. 
From Lemmas 3.1–3.2 on lower semicontinuous fuzzy mappings in the sense of Diamond and Kloeden, we immediately
obtain
Theorem 4.3. Let F : S → F be a fuzzy mapping parameterized by
F(x) = {(a(α, x), b(α, x), α) : α ∈ I} for each x ∈ S.
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The following conditions are equivalent:
(1) F is lower semicontinuous at x0 ∈ S in the sense of Diamond and Kloeden.
(2) a(α, x) is upper semicontinuous at x0 uniformly in α ∈ I , and b(α, x) is lower semicontinuous at x0 uniformly in α ∈ I .
An analogous result to Theorem 4.2 for the case of lower semicontinuous fuzzy mappings in the sense of Diamond and
Kloeden is the following theorem.
Theorem 4.4. Let Fj : S → F , j = 1, 2, . . . , k be lower semicontinuous fuzzy mappings in the sense of Diamond and Kloeden.
Then the mapping F : S → F defined by
F(x) =
−k
j=1 λjFj(x) for each x ∈ S,
where λj ≥ 0 for j = 1, . . . , k, is a lower semicontinuous fuzzy mapping in the sense of Diamond and Kloeden.
From Theorems 2.1, 3.1, 4.1 and 4.4, we immediately obtain
Theorem 4.5. A fuzzy mapping F : S → F is continuous at x0 ∈ S (respectively, on S) if and only if it is both upper and lower
semicontinuous at x0 (respectively, on S) in the sense of Diamond and Kloeden.
5. Semicontinuity of fuzzy mappings in the sense of in the sense of Bao and Wu
In this section, we give characterizations of upper and lower semicontinuous fuzzy mappings introduced by Bao and
Wu [5]. In addition, basic properties of these fuzzy mappings are presented.
From Lemma 3.3 on upper semicontinuous fuzzy mappings in the sense of Bao and Wu, we immediately obtain
Theorem 5.1. Let F : S → F be a fuzzy mapping parameterized by
F(x) = {(a(α, x), b(α, x), α) : α ∈ I} for each x ∈ S.
The following conditions are equivalent:
(1) F is upper semicontinuous at x0 ∈ S in the sense of Bao and Wu.
(2) a(α, x) and b(α, x) are upper semicontinuous at x0 uniformly in α ∈ I .
Theorem 5.2. Let Fj : S → F , j = 1, 2, . . . , k be upper semicontinuous fuzzy mappings in the sense of Bao and Wu. Then the
mapping F : S → F defined by
F(x) =
−k
j=1 λjFj(x) for each x ∈ S, (5.1)
where λj ≥ 0 for j = 1, . . . , k, is an upper semicontinuous fuzzy mapping in the sense of Bao and Wu.
Proof. We have seen that F is closed under the addition and nonnegative scalar multiplication. From (5.1), it follows that
F(x) is a fuzzy number for each x ∈ S. That is, F : S → F defined by (5.1) is a fuzzy mapping. Let
F(x) = {(a(α, x), b(α, x), α) : α ∈ I} for each x ∈ S,
be the parametric representation of the fuzzy mapping F : S → F defined by (5.1), and let for each j ∈ {1, . . . , k}, Fj : S →
F be parameterized by
Fj(x) = {(aj(α, x), bj(α, x), α) : α ∈ I} for each x ∈ S.
Then, from (2.1) and (2.2), we have
a(α, x) =
−k
j=1 λjaj(α, x)(x) and b(α, x) =
−k
j=1 λjbj(α, x)(x) (5.2)
for each x ∈ S and α ∈ I . Since Fj : S → F , j = 1, 2, . . . , k are upper semicontinuous in the sense of Bao and Wu, by
Theorem 5.1, we have for each j ∈ {1, 2, . . . , k},
aj(α, x), bj(α, x) : S → R1 are upper semicontinuous uniformly in α ∈ I. (5.3)
Combining (5.3), Lemma 2.1, and (5.2), we have
a(α, x), b(α, x) : S → R1 are upper semicontinuous uniformly in α ∈ I. (5.4)
From (5.1)–(5.4) and Theorem 5.1, it follows that F : S → F is an upper semicontinuous fuzzy mapping in the sense of Bao
and Wu. 
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From Lemma 3.3 on lower semicontinuous fuzzy mappings in the sense of Bao and Wu, we immediately obtain
Theorem 5.3. Let F : S → F be a fuzzy mapping parameterized by
F(x) = {(a(α, x), b(α, x), α) : α ∈ I} for each x ∈ S.
The following conditions are equivalent:
(1) F is lower semicontinuous at x0 ∈ S in the sense of Bao and Wu.
(2) a(α, x) and b(α, x) are lower semicontinuous at x0 uniformly in α ∈ I .
An analogous result to Theorem 5.2 for the case of lower semicontinuous fuzzy mappings in the sense of Bao and Wu is
the following theorem.
Theorem 5.4. Let Fj : S → F , j = 1, 2, . . . , k be lower semicontinuous fuzzy mappings in the sense of Bao and Wu. Then the
mapping F : S → F defined by
F(x) =
−k
j=1 λjFj(x) for each x ∈ S,
where λj ≥ 0 for j = 1, . . . , k, is an upper semicontinuous fuzzy mapping in the sense of Bao and Wu.
From Theorems 2.1, 3.1, 5.1 and 5.3, we immediately obtain
Theorem 5.5. A fuzzy mapping F : S → F is continuous at x0 ∈ S (respectively, on S) if and only if it is both upper and lower
semicontinuous at x0 (respectively, on S) in the sense of Bao and Wu.
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